Abstract. Ferroelectric (e.g., PZT and PMN) and ferromaqnetic (e.g., Terfenol-D) materials exhibit high energy densities, broadband drive capabilities, and the capacity for both actuating and sensing. This makes them attractive as compact transducers for applications including nanopositioning systems such as atomic force microscopes (AFM), acoustic transducers, and drive mechanisms for high speed milling. However, these materials also exhibit hysteresis and constitutive nonlinearities at all drive levels. To achieve stringent tracking requirements, it is critical to understand and quantify the effect of hysteresis and nonlinearities on the frequency behavior of devices that employ these compounds. Whereas considerable progress has been made on model development and understanding these materials in the parameter space and time domain, comprehensive quantification of these effects in the frequency domain is presently lacking. In this paper, we investigate both numerically and experimentally the effect of hystersis, constitutive nonlinearities, bias fields and AC drive levels on the frequency domain behavior of ferroelectric and ferromagnetic materials.
Introduction
Ferromagnetic and ferroelectric materials are increasingly considered for use as actuators and sensors due to their broadband drive capabilites and their relatively high energy densities. Ferromagnetic materials such as Terfenol-D are being investigated for use in high speed milling devices, sonar transducers, vibration attentuation devices and ultrasonic transducers [8, 9, 18] . Ferroelectric materials such as PZT are presently employed in essentially all nanoposition systems such as atomic force microscopes (AFM) due to their high set point accuracy [20] . As detailed in [25] , this property also makes them advantageous for use in the focusing mechanisms for miniature cameras and ultrasonic motors. Additionally, PZT-based transducers are being investigated for vibration attenuation and noise control whereas PMN is is considered for sonar transduction [19] .
However, the advantages provided by ferroelectric and ferromagnetic compounds come at the cost of hysteresis and constitutive nonlinearities at all drive levels. For certain applications, one can minimize these deletarious effects by operating the actuators in near-linear regimes by allowing only small perturbations about bias input fields. However, this limits the degree to which the large force capabilities of the devices can be utilized for high performance applications. Alternatively, charge or current controlled amplifiers can minimize observed hysteresis in ferroelectric actuators [15, 16] . However, charge control is ineffective if constant positions must be maintained (e.g., holding the x-stage in an AFM constant while a sweep is made in y) and these amplifiers are often significantly more expensive than traditional voltage-control devices.
An increasingly attractive alternative is to employ comprehensive constitutive models to construct inverse compensators that approximately linearize the hysteresis [4, 13, 22, 23, 24] . This permits the implementation of linear control algorithms while operating the devices in highly nonlinear and hysteretic regimes. It should be noted, however, that these inverse models are necessarily approximations of the physical behavior and the accuracy of this approximation typically degrades as operating regimes become increasingly complex due to temperature, frequency, and stress effects as well as changing bias levels.
Quantification of the effects of hysteresis and nonlinearities on the frequency behavior of systems employing ferroelectric and ferromagnetic materials is important from both fundamental and technological perspectives. From a fundamental perspective, it provides a means of understanding the manner through which higher harmonics and other nonlinear effects are produced by the materials. From the perspective of inverse compensator-based control design, such analysis is necessary to quantify the effects of approximate inversion and determine the degree to which robust control design must attenuate undesirable frequencies while achieving tracking specifications.
A limited analysis of the frequency response of hysteretic systems has been reported in literature. Frequency responses of single degree of freedom hysteretic systems have been studied by Christopoulos [7] while oscillations of a hysteretic two degree of freedom system are reported in by [6] . Zhang [26] had developed an innovative tool to visualize the spectral structure of the hysteretic nonlinear system. By plotting the gain as a function of input and output frequencies using a three-dimensional plot, cross gain transfer functions between various frequencies can be easily understood. However, the models used for the hysteretic systems in these papers are not representative of general ferromagnetic and ferroelectric behavior. Hence, the methods existing in literature are still limited with regard to providing a comprehensive understanding and quantification regarding the frequency response of ferroelectric and ferromagnetic materials.
In this paper, we investigate the effects of hysteresis, nonlinearities, bias fields and AC drive levels on the frequency domain behavior of ferroelectric and ferromagnetic materials using the Homogenized Energy Model (HEM). This model incorporates thermal relaxation, rate effects, material non-homogeneities, polycrystallinity, etc and exhibits minor loop closure in the absence of relaxation making it a good tool to understanding the dynamics of and controlling ferroelectric and ferromagnetic materials [21] . To provide context we first briefly compare this framework with others commonly used to characterize hysteresis.
The Jiles-Atherton model [14] models ferromagnetic behavior as comprised of domain rotation and domain wall pinning. A modified Langevin equation is employed to model the bulk anhysteretic magnetization (magnetization field curve without hysteresis). The motion of domain walls is modeled as impeded by the presence of pinning sites leading to hysteresis. A shortcoming of this model is that some artificial conditions have to be applied to ensure minor loop closure.
The Armstrong model was constructed to include the magnetocrystalline, magnetoelastic and magnetic field energy terms. For a given value of applied stress and magnetic field in any direction, the total energy (sum of the three above mentioned energy terms) corresponding to the magnetization vector being oriented along different directions is evaluated [1] . The probability that the magnetization takes a particular orientation depends on the total energy corresponding to that orientation; the lower this energy the greater the probability that this state is occupied. By performing a probability weighted summation over all the states, the average macroscopic property of this material was evaluated. A hysteretic version was developed later [2] and extended to model hysteresis in multiple crystallographic directions [3] . While these models are capable of comprehensively modeling three-dimensional quasi-static behavior and exhibit minor loop closure, they are incapable of modeling certain experimentally observed trends in minor loops.
Preisach models have been widely employed to characterize hysteresis and nonlinearities in both ferromagnetic and ferroelectric materials [19] . As detailed in [17] , classical Preisach models are characterized by the conditions of congruency and deletion. To accommodate stress and rate-dependent effects, a number of generalized Preisach models have been proposed for both classes of compounds [10] . Whereas these generalized models models extend the applicability of the framework, they come at a significant loss in efficiency which presently prohibits real-time implementation for high frequency applications.
The Homogenized Energy Model [21] was chosen to study the dynamic behavior of ferroelectric and ferromagnetic materials due to its capability for characterizing a range of minor loop behavior under highly varied operating conditions. Extensions to the orignal framework include the incorporation of magnetocrystalline and magnetoelastic terms [12] . However, we focus on the original formulation of the Homogenized Energy Model [21] since it sufficiently quantifies the dynamic behavior of ferroelectric and ferromagnetic materials under the considered operating conditions.
A short description of the Homogenized Energy Model and its use to construct a discretized PDE model for a vibrating beam is provided in Sections 2 and 3. This is followed by numerical simulations of the behavior of Terfenol-D [11] and PZT5H [19] using model parameters identified from experimental data. This illustrates the dynamic behavior of the materials in time, frequency and parameter space. In the Section 5, the beam model with polarization quantified by the Homogenized Energy Model is compared with experimental beam data exhibiting both the driving frequency and higher harmonics induced by the hysteresis and constitutive nonlinearities. It is illustrated that the dynamic model accurately quantifies these effects in the phase space as well as time and frequency domains.
Homogenized Energy Model
The homogenized energy model for ferroelectric and ferromagnetic materials is a multiscale approach based on energy relations and stochastic homogenization techniques. For ferroelectric materials the macroscopic model quantifies the bulk polarization P by
where E is the applied electric field, E I is the field due to dipole interactions, E c is the coercive field value at which the dipoles switch orientation, and ξ denotes the initial distribution of dipoles. For ferromagnetic materials the analogous model for the bulk magnetization M is given by
where H is the magnetic field. The model parameters E c /H c and E I /H I vary through the material and have associated densities ν 1 and ν 2 . Throughout this section the equations are given in terms of polarization and electric field. The integrals in (1) are numerically approximated using quadrature formulas to yield the discrete relation
where E I j , E c i denote the points associated with the quadrature formulas and v i , w j are the quadrature weights. For the density of the coercive field, one could choose a lognormal distribution
where s and m are given in terms of standard deviation c and meanĒ c
Another choice could be
with
A choice for the distribution of the density of the interaction field is the Gaussian relation
More general choices for the densities can be found in [19] . The kernelP is modeled via energy principles. For neglegible thermal relaxation direct minimization of the Gibbs energy yields the kernelP
where P R is the remanence polarization and δ = 1 if dipoles are positively oriented and δ = −1 if they are negative. It should be noted that δ represents the history of the material and is remembered from the previous condition. If thermal relaxation mechanisms are considered, one has to include the effects of thermal activation. This can be done by balancing the Gibbs energy with the relative thermal energy through the Boltzmann relation
where k is Boltzmann's constant, T is the temperature of the material and V is a reference volume. The resulting kernel is then given bȳ
The evolution of dipole fractions is quantified by the differential equationṡ
where P + and P − are the expected polarizations and p +− and p −+ the transition likelihoods which include the material and temperature dependent relaxation time τ . These quantities can be expressed in terms of error functions. For detailed expressions and implementation of the thermally relaxed model see [4] .
For neglegible relaxation the model is characterized by the five parameters η, E c /M c , P r /M r , c and b. If thermal relaxtion is included there are the additional two parameters τ and γ = V kT .
Beam Model
The relation (1) quantifies the polarization P as a function of the input field E. In this section, we summarize how this can be used to develop a dynamic model of an EulerBernoulli beam driven by surface mounted piezoceramic patches. Analogous analysis can be used to incorporate the inputs due to magnetic transducers.
Motivated by the experimental setup stated in Section 5, we consider a thin cantilever beam of length ℓ, width b and thickness h that is clamped at x = 0 and free at x = ℓ. We let ρ, Y I, cI and γ respectively denote the effective linear density, stiffness, Kelvin-Voigt damping and air damping coeficients and we let w(t, x) denote the transverse displacement of the beam. The mass of a surface-mounted accelerometer at x =x is denoted by m acc and the region covered by the patches is designated by [x 1 , x 2 ]. The following model is detailed in Chapter 7 of [19] .
Force and moment balancing yield the strong model formulation
where the moment is
and ρ incorporates the accelerometer mass m acc . Here P is quantified by (1) and the characteristic function
isolates inputs to the region covered by the patches.
To faciliate analysis and numerical implementation, we employ the resulting weak formulation
which must hold for all φ ∈ H 2 0 (0, ℓ) The solutions to (16) are approximated using the techniques detailed in Chapter 8 of [19] . Specifically, we consider approximate solutions of the form
where φ j (x) are cubic B-splines modified to satisfy the essential boundary condition at x = 0. Use of the basis functions as test functions yields the semi-discrete system
where
The mass, damping and stiffness matrices are defined by
whereas the force vector has the components
To formulate a first-order semi-discrete system that facilitates implementation using standard ODE routines, we let z = [w,ẇ ]
T and define the system matrix A and the vector B by
The second-order system (17) can subsequently be reformulated aṡ
where the 2N × 1 vector z 0 denotes the projection of the initial conditions into the approximating subspace. 
Simulation Results
Simulations of the frequency characteristics of one ferromagnetic and one ferroelectric material are presented in this section. The ferromagnetic material Terfenol-D [11] was chosen since it is widely employed and exhibits moderate hysteresis but significant nonlinear effects, while the ferroelectric material PZT5H was chosen to exhibit large hysteresis but relatively less significant nonlinear characteristics. For the ferromagnetic material, Terfenol-D, thermal relaxation was considered. This accounts for rate effect that was found necessary to fit the experimental data of the magnetic actuator [5] . For the ferroelectric material, PZT5H was used and chosen to have negligible thermal relaxation. The HEM model parameters that are representative of these materials are shown in Table 1 . The curves represented by these parameters are compiled in Figure 1 . Table 1 . Parameter set (P-E or M-H). To compare the two materials, we define a saturation field E s or H s that represents a field at which 95% of the saturation polarization/magnetization P s /M s is reached. Different drive levels are chosen around a bias of 0.5E s , as represented by equations
for the ferroelectric case. For the analogous ferromagnetic case, the drive levels selected are represented by equations (23) (24) (25) with H s substituted in the place of E s and H(t) instead of E(t). The resulting minor loops are shown in Figure 2 . Figure 3 shows polarization and magnetization vs. time plots. The frequency response is represented in Figure 4 .
For the chosen physical parameter set, Figure 4 demonstrates that the ferromagnetic material exhibits a higher harmonics and, in particular, has a strong second harmonic. The ferroelectric material, despite having a large major loop hysteresis does not exite higher harmonics (Figure 4 ) and exhibits a nearly linear minor loop behavior (Figure 2 ). This motivates a further investigation of effects of hysteresis and nonlinearity on material behavior. Since the ferromagnetic material exhibits great higher harmonic content than the ferroelectric for similar drive levels, it was chosen as a baseline to study the sensitivity of frequency response to model parameters. The model parameters b, c and E c were systematically varied as these parameters correlate to the following aspects of the nonlinear hysteresis behavior: E c or mean value of coercive field affects the hysteresis; c (indicative of standard deviation in E c ) affects the slope of the switching region; b (indicative of standard deviation in E I ) affects the potential wells, the nonlinear nature of the material and the degree to which switching occurs prior to the remanence value. Starting with baseline values of the ferromagnetic material, the parametes, b, c and E c were halved, decreased to 1/4, doubled and quadrupled. The effect of this parameter variation on the parameter space behavior is shown in Figures 5(a)-5(c) . Corresponding frequency domain effects are presented in Figures 6(a)-6(c) . Finally, an understanding of the AC bias on the nonlinearities was obtained by the driving equations
and is shown in 
Discussion of Results
Whereas the Terfenol-D exhibits relatively smaller major loop hysteresis than PZT5H (Figure 1 ) for the chosen physical parameter set, it exites significant higher harmonics than PZT5H (Figure 4 ). This indicates that large major loop hysteresis does not necessarily lead to generation of large higher harmonics particularly when operating in minor loops or restricting the drive field to only positive values. This is further supported by the near-linear behavior of the minor loops PZT5H in contrast to the more nonlinear minor loops in Terfenol-D (Figure 2 ). Comparing Tables 2 and 3 (normalized FFT coefficients for both materials), we see that at drive fields 0.5H s ± 0.5H s (full range of positive field), the second harmonic is nearly 28% of the amplitude of the output at the driving frequency. This decreases to 7.7% (still significant) when the drive amplitude is decreased 1/4th. In contrast, the PZT5H exhibits a maximum of 4.3% amplitude in the second harmonic. Further, the third harmonic and above are not very significant for both materials. Since, Terfenol-D exhibits a more nonlinear frequency domain behavior, its parameters were used as a baseline for sensitivity study to model parameters. A change in the standard deviation of the interaction field had a considerable effect on the shape of the M-H minor loop curves ( Figure 5(a) ) and consequently on the second harmonic content as Figure 6(a) shows. Changes in the coercive field mean or distribution produce 
Experimental Results and Model Correlation of Beam Driven by PZT Patches
To illustrate the effect and quantification of hysteresis effects on frequencies for an experimental device, we consider an aluminum cantilever beam, as modeled in To demonstrate the effect of the coupling between the cantilever structure and the nonlinear response of the ferroelectric material, two scenarios are considered. In the first case, an input driving frequency of 2.25 Hz, which is half the value of the resonance frequency of the structure, is used. The expectation is that the second harmonic (4.5 Hz) produced due to the nonlinear response of the piezoelectric material is selectively amplified by the cantilever structure as it coincides with its resonance frequency. Therefore, the second harmonic is expected to have a strong presence in the vibrations of the cantilever beam. In the second case, the system is driven at 3 Hz, so the second harmonic does not coincide with the resonance frequency. Hence, the second harmonic content in the cantilever vibration is likely to be weak when driven at this frequency.
It can be observed in Figure 8 that both the experimental data and model simulation show the presence of a strong second harmonic as was expected. To compare the various harmonics the amplitude at the drive frequency was normalized to 100 and all other amplitudes were scaled accordingly. Thus, relative to the amplitude of the response at the driving frequency, the amplitude of the second harmonic is 40% (simulation) and around 30% (experiment) while the third and fourth harmonics are respectively around 10% and 5%.
The analysis of this second harmonic illustrates some interesting physics. For example, the second harmonics in Table 4 .1 show that even at extremely high drive amplitudes compared to those used in this experiment, the amplitude of the second harmonic generated by just the PZT material is less than 5% of the amplitude of the first harmonic. This shows that a linear system such as a cantilever beam coupled to a weakly nonlinear piezoelectric material can produce a strong harmonic distortion. This nonlinearity can also be seen in the time domain data in Figure 7 as the waveforms deviate from a pure sinusoid. Finally, the parameter space plots in Figure 9 shows the model fit is not as nonlinear as the experimental data though the hysterisis is modeled well. This possibly explains why the model under-predicts the amplitude of the second harmonic relative to the experimental data in Figure 8 .
In the case of driving frequency of 3 Hz, the second harmonic at 6 Hz generated by the piezoceramic patch is not significantly amplified by the structure as it does not coincide with its harmonic peak. Hence, relative to the response at the drive frequency, its amplitude is around 5-6% as shown in Figure 8 . Hence, the time domain response also does not show significant devaitions form pure sinusoidal behavior as can be observed in Figure 7 . The parameter space plots in Figure 9 show good model fit to the experimental data.
Overall, the model characterizes both the hysteretic and nonlinear relation between the voltage and acceleration as well as the time and frequency behavior of the acceleration within reasonable error limits. This error is likely to be minimized by further improvements in estimation of model parameters. Hence, it provides a framework for quantifying the fundamental frequency behavior of the material in a manner that facilitates subsequent inversion for linear control design.
Conclusions
This investigation shows that significant (about 28%) second harmonic behavior can be produced when these materials are driven at high amplitudes. It appears that higher harmonics produced for minor loop excitations are strong functions of nonlinearity (quantified by distribution of interactive field in Homogenized Energy Model), drive amplitude and DC bias field applied. Major loop hysteresis (and Homogenized Energy Model parameters for mean and standard deviation of coercive field) produce almost no change in higher harmonic content. A more detailed study with several materials and experimental frequency domain data may prove useful in confirming these trends.
This study shows that a linear system such as a cantilever beam coupled to a weakly nonlinear piezoelectric material can produce a strong harmonic distortion. The Homogenized Energy Model has the framework to quantify this behavior making it a useful inversion tool for linear control design.
